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ABSTRACT. In the present paper, we study the existence of entropy solution for the strongly 
nonlinear unilateral parabolic inequalities in Musielak-Orlicz-spaces. 


1. Introduction: 


In this note we prove the existence of entropy solutions for a class of nonlinear parabolic 
unilateral problems of the type: 


u> a.e. Im Occ T) 
(P) 200) — div (а(2, t, и, Vu)) + g(r,t,uVu)-—f inQ, 
и=0 indQ x (0,T), 


и(ж,0)=ш in Q, 





where A(u) = —div (a(x, t, и, Vu)) is a Leray-Lions Operator defined on D(A) C Wy? L (Q) — 
W-*L,(Q) where y and v are two complementary Musielak-Orlicz functions. Let g be a 
Caratheodory function such that the growth condition 


(1) 19(2, t, 5,£)) < Pv, t) + p(s)er, |El) 


is satisfied, where р: R —9 В? is a continuous non-decreasing function which belongs to 
L'(R) and P(z, t) is a given non-negative function in L!(Q). The function С є WX” E,(Q)r 
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L*(Q). 


In the classical Sobolev spaces Dall’aglio-Orsina [23] and Porretta [32] proved the existence 
of solutions for the problem (P), where b(u) = u and g is a nonlinearity with the following 
"natural" growth condition (of order p ): 


(2) 19(2, t, 8, €)] < 0(8) (IEP + cus 1) , 


and which satisfies the classical sign condition, 


(3) g(z,t, s,£)s > 0. 


The right hand side f is assumed to belong to L1(Q). This result generalizes analogous 
one of Boccardo - Gallouét [20], see also [21, 22] for related topics. 


1g G6, 6,8, €)| = BIE? for 18| > ^y 


In the framework of Orlicz-Sobolev spaces,in [2] the autors have studied the existence and 
uniqueness result to the nonlinear parabolic equations whose prototype is 





WD Луми — div (E(x, t) MM (22|b(u)|)) = f in Qr. 
(4) u(x,t) = 0 on д9 x (0, T), 


b(u)(t = 0) = b (ug) in Q. 


where —Ayu = — div (a де ш) Du ЕР) ‚е € (L* (Qr))™ and M(t) = tlog(e + t) is 

ап N -function. The data f and b (ио) in L! (Qr) and L!(Q). 

Another approach to define a suitable generalized solution is that of entropy solution which 

was introduced in [8] in the elliptic case and by Prignet [29] in the parabolic case. 
Aharouch and Bennouna [5] have proved the existence and uniqueness of entropy solutions 

in the framework of Orlicz-Sobolev spaces WiL m(Q) assuming the A» condition on the № 


-function M. 


In the generalized-Orlicz spaces, the work [6] is a continuation of [5] where AlHawmi, 
Benkirane, Hjiaj and Touzani proved the existence and uniqueness of entropy solution for 
— div(a(z, u, Vu)) = f in О 
u(x) = 0 on д0 
where Ф = 0 and M satisfy the A» -condition. Antontsev and Shmarev [7] proved theorems 


of existence and uniqueness of weak solutions of Dirichlet problem for a class of nonlinear 
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parabolic equations with nonstandard anisotropic growth conditions in the variable exponent 
Lebesgue spaces. Equations of this class generalize the evolution p(z,t) -Laplacian of the 
type 


д У 10 [aesti и) [Diu Diu (n, tu) =0 inQr 
(5) и(х,ї) = 0 on дО x (0, T) 
u(z,0) = ug(x) in Q 





In general Musielak-Sobolev spaces, the authors in [1] have proved the existence of solu- 
tions of the unilateral problem 


Au — div (x,u) + Н (х,и, Vu) = u 


where A is a Leray-Lions operator defined on D(A) C WiLy(0),u € L(Q) -W-! Eg(Q), 
where M and M are two complementary Musielak-Orlicz functions and both the first and 
the second lower terms ® and H satisfies only the growth condition and u > ¢ where ¢ is 
a measurable function, and further works can be found in[9, 10, 34, 12, 13, 14, 15, 16, 24, 
25, 26, 27, 28], then our novelty in this paper, is to prove the existence of unilateral entropy 
solution for the problem (P) in the general framework of Musielak-Orlicz spaces without the 
sign condition (3) and without the following coercivity condition 


|9(2, 2, s, €)| = bolz, |El). 


The paper is organized as follows: In Section 2 , we present some preliminaries and 
background,section 3 is devoted to essential assumptions, Section 4 concern some technical 
lemmas which will be needed later,and section 5 is to specify the definition of an entropy 
solution.In the final section 6, we give our main result and state the prove of an existence of 
solution. 


2. Preliminaries 











2.1. Musielak-Orlicz functions. Let О be an open set in R and let y be a real-valued 














function defined in Q x R, and satisfying the following conditions: 





(a) v(x,-) is an N-function for all r € Q (ie. convex, strictly increasing, continuous, 


t t 
p(x, 0) = 0, y(x, t) > 0, for all t > 0, lim sup ee) = 0 and lim inf Ant) = 00), 


20 seo too cE 
(b) v(* t) is a measurable function. 


The function q is called a Musielak—Orlicz function. 
For a Musielak-orlicz function y we put y,(t) = ф(х, #) and we associate its nonnegative 
reciprocal function y,', with respect to t, that is 


gx (o4) vus (0) ete 
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The Musielak-orlicz function q is said to satisfy the A -condition if for some k > 0, and a 
non negative function Л, integrable in О, we have 


(6) p(x, 2t) € ky(az,t) + h(x) for all z € Q and t > 0. 


When (6) holds only for t > tọ > 0, then q is said to satisfy the A»-condition near infinity. 

Let y and y be two Musielak-orlicz functions, we say that p dominate y and we write 
^y < y, near infinity (resp. globally) if there exist two positive constants c and to such that 
for almost all x € Q 


y(x, t) € р(х, сі) for allt >to, (resp. for all > 0 i.e. to = 0). 


We say that y grows essentially less rapidly than vy at 0 (resp. near infinity) and we write 
^y << ф if for every positive constant с we have 


q(z, =) . ( m) 
lim | su — 0, (resp. lim | su = 0). 
1—20 (sup (a, t) (resp ao a ez, t) 


Remark 2.1. [18] If y << ọ near infinity, then Ve > 0 there exist К(=) > 0 such that for 
almost all x € Q we have 








(7) y(x, t) < Е(=)р(х, =), for allt > 0. 


2.2. Musielak-Orlicz space: For a Musielak-Orlicz function y and a measurable function 














и: О — R, we define the functional 


poate) = [ ole, lue) de 











The set K,(Q) = fu : 0 — R measurable / pp olu) < оо} is called the Musielak-Orlicz 


class (or generalized Orlicz class). The Musielak-Orlicz space (the generalized Orlicz spaces) 





L,(Q) is the vector space generated by К„(О), that is, L,(Q) is the smallest linear space 
containing the set &,(Q). Equivalently 














L (Q) = {u : Q — R measurable /ога(5 ) < oo, for some А > 0}. 


For a Musielak-Orlicz function p ме put: (2, в) = sup;>o {st — y(x, t), 
v is the Musielak-Orlicz function complementary to ф (or conjugate of y) in the sens of 
Young with respect to the variable s. 

In the space L,(9) we define the following two norms: 


|lullo.o = inf h > of f «(а e) dz < n 


which is called the Luxemburg norm and the so-called Orlicz norm by: 


ЧП = sup › [I 2) dz, 
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where w is the Musielak Orlicz function complementary to у. These two norms are equivalent 
[34]. 

We will also use the space E,,(?) defined by 





E,(Q) = {u : Q — R measurable /ога (5) < oo, for all A > 0}. 











A Musielak function y is called locally integrable on О if p;(txg) < oo for all t > 0 and 
all measurable E C О with meas(E) < oo. 

Let y a Musielak function which is locally integrable. Then Е„(О) is separable [34]. 

We say that sequence of functions и, € L,(Q) is modular convergent to u € L,(Q) if there 
exists a constant А > 0 such that 





lim poo( —) = 0. 


поо 


For any fixed nonnegative integer m we define 


W"L,(Q) = L € L,(Q) : Vial < m, D^u € 2n 


and 
W"E,(()- fu e EQ): Vial <m, D“u € E, 
where o = (05,...,0) with nonnegative integers o;, |a] = |a| +... + [an| and D*u denote 
the distributional derivatives. The space W™L,(Q) is called the Musielak Orlicz Sobolev 
space. 
Let 


Pool) = Уу, pos (D^u) and ||u||79 = inf b > 0: Peal) < 1} 


lo| m 
for u c W™L,(Q), these functionals are a convex modular and a norm on W® L} (Q), re- 
spectively, and the pair (w"L,(), lea) is a Banach space if y satisfies the following 
condition [34]: 


(8) there exist a constant со > 0 such that inf p(x, 1) > co. 
rE 


The space WL, (Q) will always be identified to a subspace of the product ass Dots 
ILL, this subspace is c (ILL, ПЕ) closed. 

The space Wj"L,(Q) is defined as the o(IIL,, ILE,) closure of D(Q) in W™L,(Q). and 
the space Wj" Е„(О) as the (norm) closure of the Schwartz space D(Q) in W™L,(Q). 

Let Wy" L,(Q) be the (ПЛ, ПЕ, ) closure of D(Q) in WL, (Q). 

The following spaces of distributions will also be used: 


Й 0.00) {/ € D'(Q); f= M (-1) реу, with fa € 140). 


[o| £m 
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and 
W-™Ey(Q) = |у єр'(0); f= У (-1) реу, with fa € во}. 
lo] £m 
We say that a sequence of functions un € W'"L,(Q) is modular convergent to u € 
W™L,(Q) if there exists a constant k > 0 such that 
Е = Un — U 
lim Peal i ) = 0. 


For y and her complementary function wv, the following inequality is called the Young in- 





equality [34]: 
(9) ts < ф(х,1) + у(х, 5), Yt,s>0,£ EQ. 
This inequality implies that 
(10) о < poolu) +1. 
In L,(Q0) we have the relation between the norm and the modular 


(11) Illo. S Pea) if lullo > 1. 


(12) о = poolu) if [ullao < 1. 


For two complementary Musielak Orlicz functions y and v, let u € L;(Q0) and v € Ly(Q), 
then we have the Hólder inequality [34] 


(13) fren) dx 


< |lulleolllullly.o. 








3. Essential Assumptions 


Throughout this paper, we assume that the following assumptions hold true: Let Q be a 
bounded Lipschitz domain in R“ and T > 0, we denote Q = О x 0, T], and let р and y be 
two Musielak-Orlicz functions functions such that q is locally integrable and у << y. 





























b : R — R is a strictly increasing C!-function with b(0) = 0 and such that 








(14) 0< bo < bo(s) <b, VseE R, 











where bo and 0; are given real numbers. 
Let A: D(A) C WI (О) — W-*L,(Q) be a mapping given by 


A(u) = —div(a(z,t, и, Vu)), 
































where a: a(x,t, s, £) : О x (0, T] x R x RY — R is a Carathéodory function satisfying, 
for a.e (x,t) € Q and for all s € R and all £,£' € RY, € z €: 


























(15) [a(2,t, 5,6)| < B (ete t) + v Y, viel) + v; ez. и) 
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(16) (ats t, 8, ©) E a(z, t, 8, e) (£ g €) > 0, 


(17) 




















let g : Q х [0, T] x Rx RY — 


a(z,t, s,€).€ > офа, |&|). 


where c(z, t) a positive function, c(x,t) € Ey(Q) and positive constants v, 8, о. 























Q x [0,T] and Vs € R, £c 








К^ be a Caratheodory function satisfying for а.е. (x,t) € 


R^, the growth condition 





(18) 


19(2, t, 8,€)| < P(x, t) + (s)e(@, 16|) 




















is satisfied, where p : R — 


Rt is a continuous non-decreasing function which belongs to 


L(R) and P(z,t) is a given non-negative function in L1(Q). 
f is an element of L'(Q), 


(19) 


(20) 


uo is an element of L'(Q). 


Let us give the following lemma which will be needed later. 


4. Some technical Lemmas 











Lemma 4.1. [17]. Let Q be a bounded Lipschitz domain in RY and let p and y be two 
complementary Musielak-Orlicz functions which satisfy the following conditions: 





i) There exist a constant c > 0 such that infreg p(x, 1) > c, 


ii) There exist a constant A > 0 such that for all x,y € Q with |x — y| < 1 we have 





2 


A 
(21) COBRE) Vt 2 1. 
ply, t) 
iii) 
(22) If D CQ is a bounded measurable set, then n р(х, 1)dx < oo. 
D 


iv) There exist a constant C > 0 such that (zr, 1) € C a.e in О. 
Under this assumptions, D(Q) is dense in L,(Q) with respect to the modular topology, D(Q) is 
dense in W3L,(Q) for the modular convergence and (О) is dense in W1L,(Q) the modular 


convergence. 


Consequently, the action of a distribution 5 in W 1 L,(Q) on an element u of Wy L,(Q) 
is well defined. It will be denoted by < S,u >. 


Lemma 4.2. |?]. Let F : 











R — 








R be uniformly Lipschitzian, with F(0) — 0. Let o be a 





Musielak- Orlicz function and let и € WiL4(Q0). Then F(u) € WiL4(Q). Moreover, if the 
set D of discontinuity points of F' is finite, we have 


Ox; 


0 Е? in {x E Q: u(x) d D). 


'(u) 2t. а.е in {т : ulz . 
grof у {z E€ Q: u(x) € D) 
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Lemma 4.3 (Poincaré inequality). [86]Let p a Musielak Orlicz function which satisfies the 
assumptions of lemma 4.1, suppose that y(x,t) decreases with respect of one of coordinate 
of x. 
Then, that exists a constant c > 0 depends only of Q such that 
(23) Ке ju(x)|)da < ] гач), Vu € Wo (О). 

Q 


Q 


Lemma 4.4. [36] Let un,u € Ly(Q). If un — u with respect to the modular convergence, 
then un — u for a(Ly(Q), Ly(Q)). 








Lemma 4.5 (The Nemytskii Operator). [9]. Let Q be an open subset of R with finite 
measure and let ~ and w be two Musielak-Orlicz functions. Let f : Q x R — R be a 
Carathéodory function such that for а.е. x € Q and all s ER: 


(24) f(x, в) € e(z) + kid; e, Ёә|з|). 


where kı and Ко are real positives constants and c(.) € Ey(Q). Then the Nemytskii Operator 
Ny defined by Ny(u)(x) = f(x, u(x)) is continuous from 


P( Bel), E) = (ue n) ide E.) <р). 









































into (О). 
Furthermore if c(-) € E,(Q) and y << v then Ny is strongly continuous from P( E9), 2) 
to P (Q). 


Lemma 4.6. Let р be a Musielak function. Let (иһ), be a sequence of W'*L,(Q) such that 
Un — u weakly in W*L,(Q) for o(IIL,, Ly) 


and А 
Dp = tnt kn in D'(Q) 


with (hj), bounded in W~'*Ly(Q) and (k,), bounded in the space M(Q) set of measures 
on Q. then up — u strongly in ГІ (0). 


loc 


If further un € WoL ,(Q) then и, — u strongly in L'(Q). 





Proof. It is easily adapted from that given in [22] by using Theorem 4.4 and Remark 4.3 
instead of Lemma 8 of [35]. 














Theorem 4.1. [3] 
Let p be an Musielak-Orlicz function satisfies the assumption (21). If u є W'*L,(Q)N 
L?(Q) ( respectively и € W9” L,(Q) n L?(Q)) and 


ди Є W-*L,(Q) + L7(Q), then there exists a sequence (vj) € D(Q) ( respec- tively 


D(I, D(Q))) such that v; — и inW!*L,(Q)NL?(Q) and m — 9* inW-*Lj(Q)--L?(Q) 


for the modular convergence. 
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5. Definition of an entropy solution 




















For k > 0 we define the truncation at height k: Tk : R — R by : 


s "3E S | < k, 
Т, — 
9) KG) | kg if |s| > Е. 


We define 














Ty’? (Q) = fu : 0 — R measurable such that Ту(и) € Wy" L(Q) Yk > 0). 











Let ¢ a measurable function with values in R such that 


CeWiE,(Q)nr* (Q), = Є L' (Q) suchthat а> С 





апа 1её 
K; = {u € Wi” Le (Q): u > Cae. in Ql. 


The definition of an entropy solution for problem (P) can be stated as follows. 


Definition 5.1. A measurable function u defined on Q is an entropy solution of the problem 


(P) if 
(26) u € TE” (Q) and u>C ае. in Q x (0,T), 


and for all v € WÈ” L (Q) n L®(Q), w c Wy *L,(Q) such that v > С a.e. in Q and 
Vk »0, 7 € (0,T) 


f Stu) — 0(т) dz + | Gi rto — v)) dt 


(27) + / а(х, ё, и, Уи) УТ (и — v) dx dt + f g(x, t, и, Уи)Т (и — v) dz dt 
Q Q 
= [rn — v) dz dt + зино) — v(0) dz, 
where Sy(s) = | то) dr. 
0 


6. Statements of results 


This section is devoted to the proof of the following existence theorem. 


Theorem 6.1. Assume that (14)...(20) hold true. Then, there exists at least one entropy 
solution u of the problem (P) in the sense of Definition 5.1. 


Proof. The proof of Theorem 6.1 is divided into 7 steps. 
Step 1: Approximate problem. 
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For each n > 0, we define the approximation 









































(28) bn(s) =b (Tn(s)) Vs ER, 
(29) dn(x,t, s,€) =a(x,t,Tr(s),€) ae. (x,t) eQ, vse R, VE e RN 
(30) mlet st) = 010090 


1+ 219(2, t, s, €) 
(31) uo, € Се (Q) such that b, (uon) — b (uo) strongly in L'(Q) 


fn € L* (Q) such that f, — f strongly in L^ (Q), and |А, ||.) < ПА): 
Consider the nonlinear approximate problems 


быны) — div (an (z, t, Un, Vu4)) + gn (T, t, Un, Мим) 


Tn (Un — С]. (иһ) = fn in Q, 
Pal unl, t) = 0 on д9 x (0, T), 
ti, 0) = Uon in €). 


Since gn is bounded for any fixed n > 0, there exists at last one solution и, Є Wo” Lẹ (Q) 
of (32) ( see [33]) 
Step 2 : A priori estimates. 


Fixed k > 0 Let т € (0, T) and using exp (G (un)) Tk (Un)* Холт) as a test function in problem 
( 


(32) where G(s) — FO qs We get 
0 





is _ exp (G (u,)) Т, (Un)? аха 


«f à, (£, t, Un, Vus) V (exp (G (un)) Tx (и) ) dxdt 

Qr 

(33) + i, д (x,t, Un, Vun) exp (G (un)) Ty (иһ) атй 
«f nTn (Un = С) (Un) exp (G (Un)) Tx (иһ) dxdt 


lll: 
< kexp (Ire Il Fall iio. 


We take 


then 
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(34) | Malte) oxy (G (un)) Т, (un)? аха = f Ty (Ь„(и„(т)) dx — | Ty (b, (un (0))) ат. 


By definition we have 


(35) |б) > 0, 
and 
(36) [Fe 6st) ae < resp (ME) pts. 


By using the hypothesis (18) one has 


Gn (£, t, Un, Wun) exp (G (u,)) Tk (us) * dxdt 


9, 
(37) < kexp cx |P(z, t) |dxdt 
«f p (tm) exp (G (un)) v (x, Vun) Ty (u4)* аха. 
Q- 


Finally by combining (33),(34),(35),(36) and (37) we obtain: 


f a (x,t, Un, Vun) exp (G (un)) УТ, (и), dxdt 


T 


(38) + | пт, (и. =C) exp (G (un)) Tk (un) атай 





Qr 
< кехр (L) (Malien f IPs tnit + Wha) 


In view of (17) one has Vn > 0: 





af y (a, | VT, (|) exp (G (и„)) dxdt 
(39) ? 
+n f Ta (Un — С) Т, (Un)* exp (G (Un)) dxdt € ck. 
Q- 
Thus, 





УТ (us)*]) exp (G (и„)) dxdt 


a f ec. 


ean | Tr (Un — С) Т, (иһ) exp (G (un)) dzdt < док. 
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with C9 = i 
It follows that 


n 
0< f nTn (Un = C) Ti ce) exp (G (и„)) dxdt € с, 





we deduce by Fatou's lemma as k — 0 that 
0< f nTn (Un = 6) exp (G (u,)) dxdt < c. 
{un >20} 


Return to (39) we deduce easily 
| а (x,t, Un, Vus) exp (G (un)) УТ, (иһ) dzdt < Ёсүсә. 
{O0<un<k} 


And as one has exp (G (un)) > 1 for 0 € u, < k, then 


(40) ] а (x,t, Un, Vun) УТ, (Un) аха € Ёсүсә. 
{0<un <k} 
Thanks to (39) we have 


(41) af р (=, (VT; (un)*|) exp (G (и„)) dxdt € cick, 


a 


we deduce that, 


(42) a |. (т, 


апа 


(43) 0< / nTn (Un — 6) (Un) drdt € a. 
{un >20} 





VT; (o dxdt < cicok, 


Now, by choosing exp (—G (un)) Tk (un) X(0,7) in (32) with k > 0 and for every 7 € [0, T], 
we get 





f QM ;exp (—G (un)) Ty (tn) хонй) 


1 a(x, t, Un, Vus) Vu, exp (—G (Un)) Xt-kzu, «oy dxdt 
(44) t | P(x,t)T;, (un) exp(—G (un)) dxdt 


nT,(u,—G) Т. (un) exp (—G (un)) (Un) dxdt 





>| Ту (Un) exp (—G (u,)) аха, 


we deduce that 
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|. а (т, t, Un, Vun) Vun exp (-G (Un)) раат 


-f nTn (Uun — 6) Т. (un) exp (—G (u,)) ата 
e bs llell zs qu 
< kexp (775289 ) (ш + lalio) 


+ [ E un) exp (-G tou (xon) " 


Similarly to (36) we obtain 





we take 


1 = /  exp( -G(s))T(s)-ds, 


(46) f _ e (С (u4)) Ty (tn)? аха = | Т, (b, (tn (7)) dx — [ T, (b, (tn (0))) ах. 


By definition we have 


(47) |б) > 0, 
and 
(48) [ess ae < exp (HE) tola. 


and using same techniques, we obtain also 


/ а (х, Ё, Un, Vun) exp (—G (u4)) УТ, (un) аха 


p 


+o | nTn(u = C) exp(—G (un)) Tk (un) аха € Кесә | 


It follow that 


TEC vat <c, 


0< f nT, (un — C)" exp (-G (un)) 


we deduce by Fatou’s lemma as k — 0 that 
0< f nTn (Un — 6) exp(—G (u,)) dxdt < c. 
{un <0} 


And as one has exp (—G (un)) > 1 since —k < un < 0, then 


(49) / а (x,t, Un, Vus) УТ, (Un) аха < Кесә, 
{—k<un <0} 
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VT, (tn) |) dxdt < LÍ 





(50) | en 


and 
(51) 0< f nTn (Un — C) аха < с. 
{un <0} 


Combining now (40) and (49) we get, 


(52) f а (x,t, Un, Vun) УТ, (un) аха < ЕС. 
Q 


Of the same with (42) and (50) we get, 


(53) | КОЛ КАК С 
Q 
we conclude that T; ((un)) is bounded in W9” Lọ (Q) independently of n and for any k > 0, 
so there exists a subsequence still denoted by un such that 
(54) Tr (Un) = £&  weaklyin WL, (Q) 
On the other hand, using (53), we have 


k Tk (Un 
inf y (= E) meas (|u,| > k} < f p (= ш) dxdt 
ren ô [ча [>к ô 


< / аут (ш dedi RC, 
Q 
Then 
к 


meas {|Un| > kj < - 
SD infzeo Y (2, $) 





for all n and for all k. 
Assuming that there exists a positive function M such that Иш, MWO — +оо and 
M (t) € ess inf ,cay(z,t), Vt > 0. Thus, we get 


(55) lim meas (|u,| > k} = 0 
k—oo 


Let A > 0 then 
meas{ {Um — Un| > A) € meas {|um| > k} 
+meas{ (u,| > k} + meas 7, (um) — Tk (tn)| > A} 


By (54) we can assume that Ту (u,) is a Cauchy sequence in measure in Q7 and using (55) 
we deduce that for any є > 0 there exists some К(є) > 0 such that 


meas [ињ —Un| >A} <e forall n,m > Never 
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Which means that wu, is a Cauchy sequence in measure іп Q, thus converge almost every 


where to some measurable function u 














For k < n, let дь € W”(R), such that gj, has a compact support supp (б) C [—k, k]. 
We multiply (32) by gi, (un), to obtain in D' (Q) 





oB”, (Un) 
gk A tpl 
= % (Un) (dn (ил, Vun)) ru 9 (un) Й 
о МОРА 
where В, (т) - | 9(8) Д Jd 
Then, we show that 
(57) (B, (Un)) is bounded in Wè” Le (Q), 
and 
oB” (un 
(58) (=) is bounded їп L/! (Q) + W7'*Ly (Q). 


independently of n. 
Indeed, first we have 


[УВ (un) | < bı [УТ (иһ)| [|9 ros go ae- in ©, 


and using (52) we obtain (57). To show that (58) holds true, since supp( gj, ) and supp (ду) 
are both included in [—k, k], un may be replaced by Т, (un) in each of these terms. As a 
consequence, each term in the right hand side of (56) is bounded either in W~!*L,(Q) or 
in L! (Q) which shows that (58) holds true. 

Arguing again as in (16) estimates (57),(58) and the following remark, imply that, for a 
subsequence, still indexed by n 


(59) b, (Un) > b(u) ae in Q, b(u) € L” (0, T, L' (Q)) , 
where u is a measurable function defined on Q. 


Remark 6.1. 


For every g € W?**(R), nondecreasing function such that supp(g’) С |—k, k] and (14), we 
have bo |g(r) — g (r)| € | (т) — Bg (r')| € bı |g(r) — g (r')| for every in R. 




















Step 3 : Boundedness оў a(x,t,Ty(Un), VIx(u,)) in (Ly(Q))N. 
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Let А > 0 then, 


meas {|Um — u,| > A) € meas {|um| > k} 
+meas (|u,| > k} + meas Т, (um) — Tk (u4)| > A} 


By (54) we can assume that Ту (un) is a Cauchy sequence in measure in Q and using (55) 
we deduce that for any є > 0 there exists some К(є) > 0 such that 


теаѕ {и —Un| >A}<e forall n,m Nx, 


Which means that и„ is a Cauchy sequence in measure in Q, thus converge almost every 


where to some measurable function u. 


Let w € (1, (Q))" be arbitrary. By condition (16) we have, 
(a (x,t, Un, Vun) — a (x,t, Un, w)) (Vu, — w) > 0 
then 


f a (£, t, Un, Vun) шаха < | a (x,t, Un, Vitis) Vundzdt 
{lun|<k} {lun|<k} 


+ f a (x,t, un, W) (w — Vun) dxdt. 
{lun|<k} 


by (15) we have for v > 8 





3v 


(60) EA x, |w]|)]dxdt 
Sas TM W (x, ao(z, t)) + y (x, kik) аа) 


+ È [oe teana]. 


Thus fa (x.t T (un), 2)) is bounded in (L4(Q))". By (52), (60) and by the theorem of 


Banach-Steinhaus, the sequence {a (x, t, Т, (un) , УТ, (un))} remains bounded in (L,(Q))" 
and we conclude, 


(2,5, i£) 
ee iut er. fw (x, адк, 2)) + (x, Js [T (а) didt 
{|un|<k} 


(61) 
An (x,t, Ty (Un), УТ, (Un)) = cy in (Ly(Q))* , for o (ILL, ПЕ) for some c; € (БОЙ. 


Consequently, 
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(62) Ty (un) + weakly T;,(u) in Wo*L,(Q)for the topology с (II Lo, I] Ey) ‚ 
Step 4 : Almost everywhere convergence of the gradients. 


Taking Zm (Un) = Ti (Un — Tm (Un)) as a test function in the approximate problem (32) 
we get 


| an аа VUn) Vüundzdt < e(f fnZm (Un) dxdt | [bn (uon)| dedt) 
{m<|un|<m-+1} Q { 


where C > 0. 


[uon |» mj 


Passing to the limit as n — +оо, using the pointwise convergence of и, and strongly 
convergence in L! (Q) of f, we get 


lim an (T£, t, Un, VUn) Vundzdt < ef f Z, (u)dxdt «f 
Q { 


">+ J (ms|us|S m1) |uo|» m) 
Owning to Lebesgue's theorem and passing to the limit as m — +оо, in the all terms of the 
right-hand side, we get 


lb (uo)| йсй) 


7700 т—усо 


(63) lim lim sup | а (x,t, Un, Vun) Уи„аха = 0. 
(mz|us|£m41) 
Finally, for the almost everywhere convergence of the gradients we use the following lemma 


Lemma 6.1. Under the Assumptions (14)-(20), let (z,)be a sequence in Wy" Lo (Q) such 


that: 

(64) Zn > z for o (ПІ, ПЕ) 

(65) (а (£,t, Zn, Vz,)) is bounded in (Ly (Q)" 

(66) | [a (2, 1, Zn, Ven) — a (2,1, Zn, Vzxs)] [Ven — VzXs| dxdt 0 
Q 


as n and s tend to +œ, and where x, is the characteristic function of 


Q: = {x E€ Q; |Vz| < s}. 


Then, 
(67) Vin > Vz а.е. їп Q 
(68) lim a (x,t, Zn, О = / а(х, t, z, Vz)Vzdxdt 


(69) р (=, |У.) > v(x, [У2]) in L (Q). 
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Proof: It is easily adapted from that given in [11]. 


Let v; € D(Q) be a sequence such that v; — u in Ио” (О) for the modular convergence. 
This specific time regularization of Ту (vj) (for fixed k > 0 ) is defined as follows. Let (оо), 
be a sequence of functions defined on 2 such that 


(70) ab € L*(0) n WI Ly (Q) for all и > 0 
llaóllzso Sk Vu > 0 
а5 — Т, (uo) a.c. in Q and т [ооло — 0, as y — +00 


For fixed k, u > 0, let us consider the unique solution T; (vj), Є 2% (6) N Wi” Ly (О) of 
the monotone problem: 


ӘТ, (vj), 


(71) 8p ee (Zi. (vj), — Tk (vj)) =0 ш D'(Q), 


Тк (vj), (t = 0) = og in. 
Remark that due to, 
ӨТь (vj), 


We just recall that, 
(1, (v;)),, > Ть(и) a.e. in Q, weakly-* in L” (Q) 


(Tk (vj)), > (x(u)), in WoL, (Qr) for the modular convergence as j — +оо. 
pu — Ty(u) in i т) tor the modular convergence as и — +оо. 
(T (u)),, = Теби) in Wo" Ly (Qr) for the modul m 
|a (0), оту S mox (ьа) оч), lob ll) < k for all и > 0, and for all 


k > 0. We introduce a sequence of increasing C!(R)— functions Sm such that 




















Sm(r) = 1 for |r| € m, S,(r) 2 m--1— |r|, form € |r| < m+ 1, S, (r) 20 


for |r| > m +1 for any m > 1. And we denote by e(n, u,n, 7, m) the quantities such that 


lim lim lim lim lim e(n, u,n, j, m) = 0. 
т +оо j—-Foo 1] Foo и T 00 n— -оо 





The main estimate is 


Lemma 6.2. We have 





/ i (Am) т, (un = (Le 00), ) xP (G (Un) Sh (tn) > wn, mmj) Ут>1 
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Proof : See [4]. 
А + 4 
For fixed k > 0, let Wr? = T, (Ti. (Un) — Tk (),) апа W} p = Ty(Tk(u) — Th (v;),,)* 


Multiplying the approximating equation by exp (G (u,))) wr Sim (Un) and using the same 
technique in step 2 we obtain: 


(72) (Pete) exp (G (un) Wi (us) 
(73) + i. an (T, t, Un, Vus) exp (G (un)) V (Wr) Sm (Un) dzdt 
(74) + fm (x,t, Un, Vus) Vu, exp (G (tin)) Wri Sa (Un) didt 


(75) < f е (GW Sim (un) ivit f Plet) exp (С (un)) Wr S, (un) dxdt 


Now we pass to the limit in (72),(73),(74),and in (75) for k real number fixed. 


By lemma 6.2 we have for any fixed k > 0 





(76) | Pkt) exp (G (un)) Wis. (un) dxdt > e(n,u,m,j) for any m>1 
Q 


For the term (74): 


we have 

[| An (£, t, Un, VUn) 5, (Un) Vus exp (G (un)) exp (G (un)) Wr dadt 
Q 

= f ол (2, t, Un, Vus) Sm (Un) Vu, exp (G (un)) 7 ата 

т<|иһ|<т+1 
<ne An (£, t, Un, VUn) Vundadt 
т<|иһ|<т+1 
Using (63), we get 

| аһ (2, t, Un, Vus) 5 (Un) Vu, exp (G (u,)) И аав < e(n, р, m). 

Q 


Concerning the term (75): 
Since Sm(r) < 1 and W77 € n we get 


(77) [55 (Un) exp (G (u,)) Wr dxdt < є(т, т), 
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(78) [Peo exp (G (un)) Wiss (un) dxdt € Cn. 


For the term (73): 


| an (£, t, Un, VUn) Sm (Un) exp (G (и„)) VW} dxdt 
Q 


an (x,t, Tk (Un) УТ (Un) ) Sm (Un) exp (G (un 
ETA n yag РТ ҮЛ 9) Sn (u) p (G (un) 


(79) x (УТ, (un) — УТ, a dxdt 


= / an (т, t, Un, Vun) Sm (un) 
(Iun |» yn (0 Ti (un)-Tk (v5), ) £n) 
x exp (G (un)) VT; (vj), ата 


since a, (z, t, Ty 4, (Un), VIX (иһ)) is bounded in (Ly (Q))" , there exist some Tin € 
(Ly (Q))" such that 


аһ (2, t Ty4q (un) Й УТ, (Un)) mS Wk+ Weakly in (Ly (Q)" $ 
Consequently, 


/ аһ (2, t, Un, VUn) Sm (Un) exp (G (и„)) VT (vj), dxdt 
{|tun|>k}N{ 0ST. (us )— Tk (vj), ) £n) 


= Sy (ш) exp(G(u)) УТ, (vj), zi. dxdt + e(n) 


(u|» EO (0S T (и) — Tk (v;)u) Ent 


(80) 


where we have used the fact that 


Sm (Un) exp (G (Un)) УТ, (v;) venen (un)—Tx(v;),) <n} 


— Sj (u) exp(G(u)) VT), (vj),) X tup yn от, (w)—Te(vy),, ) £n) 


strongly in (Е, (QS 
Letting j — +00, we obtain 


|. Sy (u) exp(G(u)) УТ, (v;),, cui. dxdt 
(lul ko (0€ Ty (u) T (vj)u) En) 
= Sm(u) exp(G(u)) VTi, (u) porp,dxdt + eln, j) 


{|ul>k}N{OST, (u) Ти), )<т} 


One easily has, 


f Sm (u) exp(G(u)) Ту (и), алс = e(n, j, и) 
{|и|>Е}п{0<Т(ш)—Тк(и)„)<т]} 
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By (72)-(80) we obtain 


} Т WE GS ECGS) 
{lun|<k}N{O<T (un) Т (viu) £n) 


x (VTi (un) — УТ, (vj),) dxdt < Cr + e(n, j, u, m), 
we know that exp (G (un)) 2 1 and Sm (un) = 1 for |un| < k then, 


/ an Су (un)) (vr. (un) — УТ, (vj),) dxdt 
{[иһ|<Е}п{ OST. (un) — Ti (vj), <n} 


Now, let us prove that: 


(82) 
ji [a (x,t, Tk (un), УТ, (u4)) — a (x, t, Tx (Un) , VI(u))] [VT (un) — VTx(u)| аха 0 


Setting for s > 0, Q? = {(z,t) € Q: |VTx(u)| € sj and Q5 = {(2,t) € Q : |VTk (v;)| € sj 
and denoting by x* and x5 the characteristic functions of Q* and Qs respectively, we deduce 
that letting 0 < 6 < 1, define 


On, = (a (x,t, Т, (Un), УТ, (us)) — a (x,t, Tx (un) , VIx(u))) (УТ, (un) — VTx(u)) 


For s > 0, we have 


0< | Ө? „dxdt 


= ô 
B | DX [Tk (us) Tk (v;),, |) Ais 


ó 
ш [ OX Imo nop, ьн) 004: 


The first term of the right-side hand, with the Holder inequality, 


ó 1-6 
ó 
/, On kX тш) тоу), | <n) 0 S ( [ OX um) teen oe ( f dodi) 


ó 
SO (f On aX minute ed ) : 


Also using the Holder inequality, the second term of the right-side hand is 
1-6 


ó 
f Ө? EX [Tk Qus) Tk (v) eat < (J Oneal f dxdt А 
Qs s FD (un)—Tp(vj)ul>n) 


since a (x, t, Ty (ил), УТ, (un)) is bounded in (Ly (Q))" , while VT; (un) is bounded in (Ly (Q))"" , 
then, 
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1—6 
Т 





ү А Ө? &Х Teun) т, (vj)ul m) 24 < Сә meas { (2, theQ: |n (us) — Tr (vj), 
We obtain, 
ô 
f Ө? „dxdt < С, (| On kX [ri (us)-T«(vj) teat) 
Qs Q* HIT 


1-6 
+ Cz meas [ (x,t) € Q : | (un) — T (v), >n) : 





Оп the other hand, 
L On kX тб) тоу) |) 4 


< / La EE Qu ETE ЛЕ л C REC o) 
| Tk (un) -T« (v5), | £m) 


х (УТ, (иһ) — УТьк(и)х») dxdt. 
For each s > r,r > 0, one has 


0 x а (z,t, Ty (Un), МТ, (un)) — a (zx, t, Ty (un) , МТ(и 
< |, оооу © CT (n) VT 69) — a (2,4, (9) VT) 


x (УТ, (un) — VTy(u)) атағ 


< / ов Seer T (us) VT CU) J) 
зп. (иһ) Т. (vj)u| £m) 
x (УТ, (Un) — VTy(u)) ата 


= / (а (x,t, Ty (Un) , УТ, (Un)) — a (x, t, Ty (Un) , УТь(и)х»)) 
QeN{|Th (Un) Т (vj el £m] 
x (УТ, (un) — VTx(u)x;) dxdt 


(а (x,t, Tp (Un) VT (us) — a (z, t, Tk (un) ‚УТк(и)х°)) 


ІЛ 


— 
x (УТ, (un) — VIx(u)x^) атай 


= I (a (x,t, Ty (Un), VT, (Un)) ^ a (ast Т (un), VT (v3) x5)) 
[Tk (us) T (v;),, | £n 


x (УТ, (un) — УТ, (vj) ху) ахд 
+ a (x,t, Tk (Un), УТ, (u4)) (УТ, (v;) xe VT (u)x^) dxdt 


FD (un) Tk (vj )u| £n 


«f (a (x,t, Tk (tn) , УТ (vj) x3) — a (x,t, Tk (us) УТ (u)x^)) 
[Tk (un)—Tk v), | £n 


УТ, (Un) dxdt 


- | a (x,t, Te (un) У, (vj) x3) УТ, (vj) {тй 
[Ti (un) Tk (v;),,| £n 
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+ / а (x,t, Ty (un), УТ (и)ҳ°) УТ (и)ҳ°аха 
[Tk (un) - Tk (v5)u| n 


= 1. (п, j, ѕ) + h(n, 7) pa I3(n, j) T Iy(n, j, ш) gus I5(n, и). 
We go to the limit as п, ј, u, and s — +оо 


in | a (x,t, Ti (un) УТ, (us) (У (tn) — VT (vj), ) deat 
[Tk (иһ )—Тк(®у)и|<т) 


Е f a (x,t, Ty (un) , УТ, (un)) (УТ, (uj) xt — УТ, (vj),) dxdt 
[Tk (un)— Tk (vj)ul £n 





— j a (x,t, Tk (un) , УТ, (vj) X) (VT (un) — УТ, (v;) x5)) deat. 
Ty (un)— Tk (vj) 


ІЛ 


n 
Using (81), the first term of the right-hand side, we get 


| a (x,t, Ty (Un) , VT (us)) (vr. (un) — УТ, (vj),) dxdt 
[Ti (un) Tx (v;)| £n 
< Cn t є(п,т, j, s) — a (v, t, Ti (u), 0) УТ, (vj), dxdt 


Iu» OT (u) Ti (vs ul £m 
< Cn + e(n, m, j, и). 


The second term of the right-hand side tends to 


T Wk (УТ, (v) xj — VTk (vj),) dxdt, 
[Ti (и)—Ть (vy Sn 
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since a (x,t, Т, (иһ) , УТ, (un)) is bounded in (Ly (Q))" , there exist some оъ € (Ly (Q))" 


such that (for a subsequence still denoted by un 
a (zt, T (Un), УТ, (u4)) — ex in (L,(Q))” for o (Ly ITE). 
In view of the fact that 
(vr r (vj) X$ УТ, (vj),) XIT (us) T v;)ul £n 
> (УТ, (vj) xj — V Tk (),) Хут (и) T (v;)| £m 


strongly in (E, (Q))" as n 2 +оо. 
The third term of the right-hand side tends to 


i a (x,t, Talu), VTx (vj) x5) (VTx(u) — УТ» (05) x5) dzdt, 
[Ti (u) Tk v;),,| £n 
since 
a (zx, t, Tk (un) ‚ УТь (v;) Ж) Х|ть(иһ)—Ть(ь)„|<т 
>a (z; t, Tx(u), УТ, (vj) x$)) Xm. (и) тью) | n 
in (E, (Q))" . while 
(УТ, (un) — УТ» (v) x5)) > (VTx(u) — VT (vj) x5)) 
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in (Ly (Q))" for с (ILL, Ep) Passing to limit as 7 — +00 and и — +оо and using 
Lebesgue's theorem, we have 


1, < Cn + e(n, J, s, и) 


For what concerns /5, by letting n — +00, we have 
I / тов (МТ, (vj) x5 — УТь(и)х?°) dzdt, 
[Tk (u) 7k (v;), | m) 


since a (x,t, Ty (un) , VIx (un)) > «y in (Ly (Q))” , for o (Ly, ILE), while 


(VT; (vj) x; — VTx(u)x^) X [i (us) - Ti (vj), | £n 
> (УТ, (05) x5 — VTA X°) Xr arg, | e 


strongly in (Е, (Q). 
Passing to limit 7 — +оо, and using Lebesgue's theorem, we have 


I5 xz e(n, 2). 
Similar ways as above give 


I5 = e(n, j). 
Tos / a (x,t, Telu), УТ, (и)) УТ, (и)аха + e(n, j, и, s, m). 
[Ti (ш) Ty (и), |<) 





I; = a (x,t, Tilu), УТ, (и)) УТ, (и)аха + e(n, j, и, s, m). 
[Ti (u) Ty (ш), | m) 


Finally, we obtain, 
l. O, .dxdt < С.(Сп + eln, u,n, m))? + Co(e(n, p, ))?. 
Which yields, by passing to the limit sup over n, j, uj, s and 7 
1 [(a (x,t, Ty (Un) , УТ, (tin) — a (a, t, Ty (un) , VTx(u))) (УТ, (tin) — VT;(u))]° аха = e(n). 
Thus, passing to a subsequence if necessary, Vu, —^ Vu а.е. in Q", and since r is arbitrary, 


Vun > Vu, ае. іп Q. 


Step 5 : Equi-integrability of the nonlinearities. 
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We shall prove that gn (x,t, Un, Vun) — g(z,t, u, Vu) strongly in L!(Q). 
Consider Vo (un) = | p(S)Xts»njds and multiply (32) by exp (G (un)) Vo (un) , we get 
0 


[ino (un) (Т pir f a (ж, Un, Vus) V (exp (G (un)) 9o (u4)) dxdt 


+ f n (£, t, Un, Vus) exp (G (un)) о (en) dxdt 


< "n pojte) exp (EE) [rto + luo) hava) + IPCs o]: 


where T(r) = / Üo(s) exp(G(s))ds > 0, 


then using same technique in previous step we can have 


| p (un) Y (zx, Vun) dzdt < С (| 
{un>h} h 


since p € L1(R), we get 


-Foo 


pias). 














lim sup | p (Un) Y (x, Vun) dxdt = 0 
{un>h} 


h> „єй 


Similarly, let 190 (un) emp p(s)X(s«—n dx in (32) we have also 


lim sup f p (Un) Y (z, Vun) ата = 0 
{un<—h} 


h—09 nen 


We conclude that 


(83) lim sup f p (Un) v (т, Vun) аха = 0. 
{|un|>h} 


Let DC Q then 


| etme (x, Vu4) dxdt < max o) f yp (x, Vun) dxdt 
D Dr{\un|<h} 


{|un|<h} 
+ | p (Un) Y (£, Vun) аха. 
Dnr{\un|>h} 


Consequently p (un) y (x, Vun) is equi-integrable. Then p (un) v (x, Vun) converge to p(u)y(x, Vu) 
strongly іп L'(R). By (18) we get 














(84) In (2, t, Un, Vus) — g(z,t,u, Vu) strongly in L'(Q). 


Step 6 : Passage to the limit. 
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Now, we show that и satisfies (27) 
Firstly show that u > C a.e. in Q from (43) and (51) we get 


0< f T, (un - Q ded < а 
Q n 


Let n tends to +оо we obtain 
fo — €) dzdt = 0 
Q 
then 
(u—¢) = 0 а.е. in Q. 


Secondly passing Now to the limit in (85) to show that и satisfies the equation satisfies 
(27) 

Let v € Wi Lo (Q) N L* (Q) such that % є М, (О) + L! (Q), then by theorem 4.1 
we can take 


0 =ъ® оп Q 
ve WL (Q x R) N LHO x R) N LO x R) 
Z e W^ Ly (Q) + L (Q) 















































and there exists v; € D(Q x R) such that 








Qv; 
v 99 ш WEL, (xR) and C325 Z e w L (Q) +L (Q). 











for the modular convergence in Wd Lọ (Q), with 
о1о € (N + 20101 


Pointwise multiplication of the approximate equation (32) by T; (Un — vj) , we get 





/ es Walin) т, (Un — vj) > ds + / an (£, в, Un; Vus) УТ, (Un — vj) dads 
0 





Os Q 
(85) «f T, (Un — ©) 892 (Un)Tk (Un — vj) dads 
Q 
T 
«f gn (т, 5, Un; Vun) УТ, (Un S vj) dxds = / dos (Un — vj) dads 
Q Q 


We pass to the limit as in (85), n tend to +оо and j tend to +оо. limit of the first term 
of (85): 
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The first term can be written 


0 0 





Os Os 
+ |. < л (bn (Un) — vj) > ds 
=S; (b. (un) (т) — ®у(т)) — Sx (bn (tn) (0) — v;(0)) 


Es до; 
b «apo Tr (Un = vy) > ds 


We pass to the limit as n + +оо and j — +00 we can easily deduce 


| < _ d (Un — vj) > ds + | 5, (b, (и) (T) — 0(т)) dz — ri Sy (b, (Un) (0) — v(0)) dz 





т бф 
+f < gg Tr (b(u) — v) > ds 


— We can follow same way in [19] to prove that 


lim inf lim int f а (ж, 8, Un, Vus) УТ (Un — vj) хаз 
Q 


j—00 поо 
>| a(x, s, и, Vu) VT, (и — v)dxds 
Q 


— Limit of gn О Un, Vus) Tk (Un —®;): 
Since gn (2, s, Un, Vun) converge strongly to g(x, t, и, Vu) in L! (Q). and the pointwise con- 
vergence of Un to u as п — +оо, it is possible to prove that gn (x, s, Un, Vun) Tx (Un — vj) 
converge to g(x, s, и, Vu)T; (u — v;) in L! (Q) and 


lim | g(x,s,u, Vu)Ty (u — vj) dzds = f g(x, s, и, Уи)Тк(и — v)dxds 


j00o Q 


— Since f, converge strongly to f in L! (Q), and 


Т, (tn — vj) — Tx (u — vj) weakly* in L” (Q), 


we have 


| ЉТ, (Un — vj) dzds > f fT; (u — vj) dxds, 
Q Q 


as n — oo and also we have 


f fT, (u — vj) dads > f fTy(u — v)dzds, 
Q Q 


as J — oo. 
Finally we know that 
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| Tn (иһ — C) sgi (иһ) Tk (Un — 0;) dzds > 0, 
Q n 


thus 


[ scour) — о(т))ах + rh « 29 ТМ) — v) > ds 
+4 


f а(х, s, и, Vu)VTx(u — v)dxds + n g(x, s, и, Уи)Т(и — v)dxds 


Q 
< | Ути — v)deds — / Sy (b(uo) — 002,0) dz 
Q Q 


As a conclusion, the proof of Theorem (6.1) is complete. 
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